ON SOME CRITICAL PROBLEMS FOR THE FRACTIONAL LAPLACIAN 

OPERATOR 



B. BARRIOS, E. COLORADO, A. DE PABLO, AND U. SANCHEZ 



O 

(N 



O 

(N 

< 



O 

o 



X 



Abstract. Wc study the effect of lower order perturbations in the existence of positive solu- 
tions to the following critical elliptic problem involving the fractional Laplacian: 

(_A) Q / 2 u = Ait? + u^=%, u>0 in O, 
u = on dfl, 

where U C R N is a smooth bounded domain, AT > 1, A > 0, 0<<?< , < a < min{Af, 2}. 

For suitable conditions on a depending on q, wc prove: In the case q < 1, there exist at least 
two solutions for every < A < A and some A > 0, at least one if A = A, no solution if A > A. 
For q = 1 we show existence of at least one solution for < A < Ai and nonexistence for 
A > Ai. When q > 1 the existence is shown for every A > 0. Also we prove that the solutions 
are bounded and regular. 



1. Introduction 



Problems of the type 
(1.1) 



*S\ (LI) /-Au = /(u) inO, 

v ' u = on oil, 

for different kind of nonlincaritics /. have been the main subject of investigation in a large amount 
of works in the last thirty years. See for example the list (far from complete) [TJ [2 [9j [20] . One 
, of the most important cases of problem (jl.ip is the critical power f(u) = u N - 2 , N > 2, since 

■ it is well known that this problem has no positive solution provided the domain is starshaped. 

In a pioneering work [9], Brezis and Nirenberg showed that, contrary to intuition, the critical 
problem with small linear perturbations can provide positive solutions. After that, in [2J, using 
the results on concentration-compactness of Lions, [20] . Ambrosctti, Brezis and Cerami proved 
some results on existence and multiplicity of solutions for a sublinear perturbation of the critical 
power, among others. 

Recently, several studies have been performed for classical elliptic equations with the Laplacian 
operator substituted by its fractional powers. In particular, in |23j it is studied the problem 

(1.2) 



(-A) 1/2 u = Ati + M"- 1 in 17, 
u = on dfl, 

the analogue case to the problem in [3] , but with the square root of the Laplacian instead of the 
Laplacian. This operator is defined in |12j through the spectral decomposition of the Laplacian 
operator in £1 with zero Dirichlet boundary conditions. Prior to this study, in |12) the authors 
proved that there is no solution in the case A = and f2 starshaped. 

In this paper we are interested in the following perturbations of the critical power case for 
different powers of the Laplacian, 

(-A) a / 2 u = f x (u) in SI, 
u = on dSl, 



N 

only for positive solutions to (Pa) (so many times we will omit the term "positive"). 



with f\(u) := Xu q + u N -<* , < q < wz^, < a < 2 and N > a. Along the paper we will look 
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For the definition of the fractional Laplacian operator we follow some ideas of [12] , together 
with results from [5] and [13] ■ In particular, we define the eigenvalues Xj of (— A) Q / 2 as the 
power a/2 of the eigenvalues pj of (—A), i.e., Xj = p^ 2 ', both with zero Dirichlet boundary 
data. With this definition, it has been proved in [5] , using a generalized Pohozaev identity, that 
problem (Pa) has no solution for A = whenever fl is a starshaped domain. 

Our main results dealing with Problem (P\) are the following. 

Theorem 1.1. Let < q < 1. Then, there exists < A < oo such that the problem (P\) 

(1) has no positive solution for A > A; 

(2) has a minimal positive solution for any < A < A. Moreover the family of minimal 
solutions is increasing with respect to X; 

(3) if X = A there is at least one positive solution; 

(4) if a > 1 there are at least two positive solutions for < A < A. 

Theorem 1.2. Let q = 1, < a < 2 and N >2a. Then the problem (P A ) 

(1) has no positive solution for X > X±; 

(2) has at least one positive solution for each < A < Ai . 

Theorem 1.3. Let 1 < q < < a < 2 and N > a(l + l/q). Then the problem (P A ) 

has at least one positive solution for any X > 0. 

The restriction a > 1 in Theorem II. 11 - (4) seems to be technical. We remember that in the 
study of the corresponding subcritical case performed in [5] the same restriction on a appeared. 
In that case the difficulty was to find a Liouville-type theorem for < a < 1. Here, due to 
the lack of regularity, see Proposition 15.21 it is not clear how to separate the solutions in the 
appropriate way, Lemma 13.21 see also [T51 HB] ■ 

On the other hand, we have left open the range a < N < 2a in Theorem 11.21 See the special 
case a = 2 and N = 3 in [S]. If a = 1 this range is empty, see [2"3] . 

As to the regularity of solutions, they are bounded and "classical" in the sense that they 
have as much regularity as it is required in the equation, i.e., they possess a "derivatives", see 
Propositions 15.11 and 15.21 Even more, if a = 1, they belong to C 1,q (Q) or C°°(f2), whenever 
0<g<lorg>l, respectively. 

Organization of the paper. In a preliminary Section [2] we describe the appropriate 
functional setting for the study of problem (P\), including the definition of an equivalent problem, 
with the aid of an extra variable, which provides some advantages, see Remark 12.11 Then we 
devote Sections [3] and [J] to the proof of Theorcms ll.lHl.3l Finally the regularity results, together 
with a concentration-compactness theorem, are proved in Section 

2. Preliminaries and functional setting 

The powers (— A) Q / 2 of the positive Laplace operator (—A), in a bounded domain f2 with zero 
Dirichlet boundary data, are defined through the spectral decomposition using the powers of the 
eigenvalues of the original operator. Let (tfj,Pj) be the eigenfunctions and eigenvectors of (—A) 
in Q with zero Dirichlet boundary data. Then {fj, Pj^ 2 ) ar e the eigenfunctions and eigenvectors 
of (— A) Q / 2 , also with Dirichlet boundary conditions. In fact, the fractional Laplacian (— A) Q / 2 
is well defined in the space of functions 

< /2 (0) = | U = ^a^ei 2 (0) : hll^ (n) = (E a >" /2 ) 1/2<TO }' 
and, as a consequence, 

(-Ar/ 2 u = ][>^v 

Note that then \\u\\ H «,2 (n) = ||(-A) a / 4 «|| ia(n ). 

The dual space P~ Q / 2 (f2) is defined in the standard way, as well as the inverse operator 
(_A)"«/2. 

We now consider the problem 

f (-A)«/ 2 U = /(«) inn, 
y ' \ u = on 50, 
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in this functional framework. Since the above definition of the fractional Laplacian allows to 
integrate by parts in the proper spaces, a natural definition of energy solution to problem (|2.1[) 
is the following. 

Definition 2.1. We say that u G Hq (Q) is a solution of (|2.ip if the identity 

(2.2) f {-A) a > 4 u{-A) a ' i ipdx = [ f(u)tpdx 

Jn Jn 

holds for every function if G Hq (Q). 

Our problem (P\) is like problem (|2.1[) with f(u) = f\(u) = Xu q + u N - a . In this case the 
right-hand side of (22) is well defined since ip G H^ 2 (n) ^ L^(O), while u G Hg /2 (n) 
hence f(u) G L^fe(O) H- a ' 2 {VL). 

Associated to problem (|2.1[) we consider the energy functional 

I{u) = \ ( (-A) Q / 4 w 2 dx- [ F(u) dx , 
2 Jn Jn 

where F(u) = J"" /(s) (is. In our case it reads 



(2.3) I(u) = \f (-A)^u 2 dx--±- - [ dx - ^—^ f 

^ Jn 1 + 1 Jn ZJV Jn 



2N 



This functional is well defined in Hq^ 2 (Q), and moreover, the critical points of I correspond to 
solutions to (Pa)- 

We now include the main ingredients of a recently developed technique used in order to deal 
with fractional powers of the Laplacian. 

Motivated by the work of Caffarelli and Silvestre [13], several authors have considered an 
equivalent definition of the operator (—A)"/ 2 in a bounded domain with zero Dirichlet boundary 
data by means of an auxiliary variable, see [SJ [TTJ [T^J H4l |2"2"] . 

Associated to the bounded domain f2, let us consider the cylinder Cq = Q x (0, oo) C R+ +1 . 
The points in Cn are denoted by (x, y). The lateral boundary of the cylinder will be denoted 
by di,Cn — dfl x (0, oo). Now, for a function u G H^ 2 (fl), we define the a-harmonic extension 
w = E a (u) to the cylinder Cn as the solution to the problem 

( div(y 1 - a \7w) = in C n , 
(2.4) } w = Q ond L C n , 

I w = u on SI x {y = 0}. 

The extension function belongs to the space 

Xg(Cn)= LeL 2 (Cn) : z = on d L Cn, |N|x ?(Cn) = (k* jf y^Vz^ < ooj , 



Cn 

where n a is a normalization constant. With this constant we have that the extension operator 
Io /2 (n) and Aq 



is an isometry between H^ 2 (fl) and A^(Cn). That is 



(2-5) || EaMllxfCCo) = IMI^n) . V ^ G K^)- 

Moreover, for any function y> G Xq(Cq), we have the following trace inequality 

(2.6) y(;0)\\ H ^ iu) <Mx^c n) . 

The relevance of the extension function w is that it is related to the fractional Laplacian of the 
original function u through the formula 

(2.7) - lim y 1 - Q ^(x, y) = — (-A) a *u(x), 

y^0+ Oy K a 

see HU [H HI El H2- When f2 = R^, the above Dirichlet-Neumann procedure (|2~j p -(|27f )l 
provides a formula for the fractional Laplacian in the whole space equivalent to that obtained 
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from Fourier Transform, see |13j . In that case, the a-harmonic extension and the fractional 
Laplacian have explicit expressions in terms of the Poisson and the Riesz kernels, respectively: 

w(x, y) = Pff * u(x) = c N , a y a / N+a ds , 

Jr n (\x — sr + y z ) 2 
(2.8) yi 1 y ; 

In fact the extension technique is developed originally for the fractional Laplacian defined in the 
whole space, [13) . and the corresponding functional spaces are well defined on the homogeneous 
fractional Sobolev space H a / 2 (R N ) and the weighted Sobolev space A Q (R^ +1 ). The constants 
in ([2.8)1 and ()2.7|) satisfy the identity ac^.a^a = d/v,a- Their explicit value can be consulted for 
instance in [5]. We will use the following notation, 

L a w := -div(y Vw), ^— := -n a hm y — . 

av a y^o+ ay 

With this extension, we can reformulate our problem (Pa) as 

L a w = in Co 



(Px) 



w = on OlCq 

diJU N + a 

- — = Xw q + w N -<* in CI x {y = 0}. 
av a 



An energy solution to this problem is a function w € X{f(Cn) such that 
(2.9) K a I y 1 - a (Vw,Vip)dxdy= f (\w q + w^^j <p dx, V^I^Cn). 



'Co 

For any energy solution w € Xq(Cq) to this problem, the function u = w(-, 0), defined in the 
sense of traces, belongs to the space H^ 2 (Cl) and is an energy solution to problem (Pa)- The 
converse is also true. Therefore, both formulations are equivalent. 

The associated energy functional to the problem (Pa) is 

(2.10) J(w) = ^-f y l ~ a \Vw\ 2 dxdy - f dx - ^— - f w^dx. 

2 Jen 1 + 1 Jfi 2 ^ Jn 

Clearly, critical points of J in Xq(Cq) correspond to critical points of / in (CI). Even 
more, minima of J also correspond to minima of /, see Section [3] 

Remark 2.1. In the sequel, and in view of the above equivalence, we will use both formulations 
of the problem, in CI or in Cci, whenever we may take some advantage. In particular, we will 
use the extension version (Pa) when dealing with the fractional operator acting on products of 
functions, since it is not clear how to calculate this action. This difficulty appears in the proof 
of the concentration- compactness result, Theorem \5.1l among others. 



Another tool which is very useful in what follows is the trace inequality 

(2.11) jf y 1 - a \Vz(x,y)\ 2 dxdy>C^Jjz(x,0)\ r dx^j ' , 

for any 1 < r < ]|z^, N > a, and any z <E X$(Cq), where C = C(a, r, N, CI) > 0. In fact it is 
equivalent to the fractional Sobolev inequality 

(2.12) f \(~A) a ^ 4 v\ 2 dx > C ( [ \v\ r dx^ 

for any 1 < r < ^ N a , N > a, and every v 6 H^' 2 (Cl). In the following we will denote the 
critical fractional Sobolev exponent 2* 



2N 
N-ot 



Remark 2.2. When r = 2*, the best constant in p. lip will be denoted by S(a,N). This 
constant is explicit and independent of the domain; its exact value is 



S(a,N) 



27r3r(g±g)r(^g)(r(ff))ft 
r(f)r(^)(r(A0)f 
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It is not achieved in any bounded domain, so we have 

(2.13) / y 1 - a Y7z{x,v)\ 2 dxdy > S{a,N) ( [ \z{x,0)\^ dx) " , VzerfMf 1 ), 
though it is indeed achieved in that case n = when u = z{-, 0) takes the form 

(2.14) u(x) = u e (x) 



{\x\ 2 +£ 2)(N- a )/2> 

with e > arbitrary and z = E Q (u) ■ See [5j for more details. This will be used in Sections [5| 
andj^} The best constant in (|2.12[) when ft = M. N is then K a S(a, N). 

3. Sublinear CASE: < q < 1. 

We prove here Theorem 11.11 As we have said in Remark 12.11 there are some points where 
it is difficult to work directly with the fractional Laplacian, due to the absence of formula for 
the fractional Laplacian of a product. Therefore we consider in some occasions the extended 
problem (Pa)- 

To begin with that problem, we prove that local minima of the functional / correspond to 
local minima of the extended functional J. 

Proposition 3.1. A function uq £ H^ 2 {Vl) is a local minimum of I if and only if wq = 
Ea(^o) £ Xq (Cji) is a local minimum of J . 

Proof. Firstly let uq £ iP^ 2 (f2) be a local minimum of /. Suppose, by contradiction, that 
Wo = Eq(uo) is not a local minimum for the extended functional J. Then by (|2.5p and (|2.6p . we 
have that, for any e > 0, there exists w £ £ Xq (Co), with ||wo — w z\\x°(Cn) < e ' sucn that 

I(uo) = J(w ) > J(w e ) > I(z e ) 

where z e = w £ (-,0) £ H^ 2 (Q) satisfies \\u — z s \\ „«/2, . < s. 

On the other hand, let wq £ Xq(Cq) be a local minimum of J. It is clear, from the definition 
of the extension operator, that wq is a-harmonic. So we conclude. □ 

We return now to the original problem (P\), posed at the bottom fix {y = 0}. 
Lemma 3.1. Let A be defined by 

A = sup {A > : Problem (Pa) has solution} . 

Then < A < oo. 

Proof. Let (Xi,ipi) be the first eigenvalue and a corresponding positive eigenfunction of the 
fractional Laplacian in fl. Then, using tpi as a test function in (P\), we have that 

(3.15) J (^Xu q + u^^^j <pi dx = Ai J wpidx. 

N + a c 

Since there exist positive constants c,S such that Xt q + t N ~ a > cX t, for any t > we obtain 
from p,15[) that cX s < Ai which implies A < oo. 

To prove A > we use the sub- and supersolution technique to construct a solution for any 
small A, see [TSJ[2]. In fact a subsolution is obtained as a small multiple of ip\. A supersolution 
is a large multiple of the function g solution to 

{-A) a / 2 g = 1 in 0, 
g = on d£l. 

□ 

Comparison is clear for linear problems associated to the fractional Laplacian, as it is for the 
Laplacian. On the other hand, it is in general not true for nonlinear problems. Nevertheless, it 
holds when the reaction term is a nonnegativc sublinear function, see [71 [21 [5]. Therefore, it is 
easy to show, comparing with the problem with only the concave terms Xu q , that in fact there is 
at least one positive solution u\ to problem (P\) for every A in the whole interval (0, A). Even 
more, these constructed solutions are minimal and are increasing with respect to A (see Lema 
5.7 of 0). 
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To prove existence of solution in the extremal value A = A, the idea, like in [2J, consists on 
passing to the limit as A„ / Aon the sequence {z n } = {z\ n }, where z\ n is the minimal solution 
of (Pa) with A = A„. Denote by J\ n the associated functional. Clearly J\ n (z n ) < 0, hence 

> J\ n {z n ) - ^(J' x Jz n ),z n ) = K a Q - \\zn\\ 2 xs(Cn) - K (t^J - 57 J f n Z * +ldx ' 

Therefore, by the Sobolev and Trace inequalities, (|2.12[) and (|2.6p respectively, there exits a 
constant C > such that ||£ n ||x°(e S2 ) < C. As a consequence, there exists a subsequence weakly 
convergent to some za in X^(Cq). By comparison, za > z\ > 0, for any < A < A, so one gets 
easily that z\ is a weak nontrivial solution to (Pa) with A = A. 

Having proved the first three items in Theorem 11.11 we focus in the sequel on proving the 
existence of a second solution, for which we recall that a > 1. 

The proof is divided into several steps: we first show that the minimal solution is a local 
minimum for the functional /; so we can use the Mountain Pass Theorem, obtaining a minimax 
Palais-Smale (PS) sequence. In the next step, in order to find a second solution, we prove a 
local (PS) C condition for c under a critical level c*. To do that, we will construct path by 
localizing the minimizcrs of the Trace/Sobolev inequalities at the possible Dirac Deltas, given 
by the concentration-compactness result in Theorem 15. II 

We begin with a separation lemma in the (^-topology. 

Lemma 3.2. Let < /ii < Ao < fJ.2 < A. Let z Ml , z\ a and z^ be the corresponding minimal 
solutions to (P\); A = fix, Xq and \i2 respectively. If X = {z G Cq(^)| < z < z^ 2 }, then there 
exists e > such that 

{z Xo } + ePi C X, 

where B\ is the unit ball in Cq(17). 

Proof. Since a > 1, we have that any solution u to (P\), for arbitrary < A < A belongs 
to C ln (il) for some positive 7, see Proposition 15.21 Therefore, we deduce that there exists a 
positive constant C such that 

(3.16) u(x) <Cdist(x,dQ), x eQ. 

On the other hand, by comparison with the first cigenfunction of the fractional Laplacian (which 
is indeed the first cigenfunction <pi of the classical Laplacian), we get that there exists a positive 
constant c such that 

(3.17) u(x) > cdist(a:,<9Q), x e O. 

These two estimates jointly with the regularity implies the result of the lemma. □ 

With this result we now obtain a local minimum of the functional / in Cq(Q), as a first step, 
to obtain a local minimum in H^ 2 (£l). 

Lemma 3.3. For all A G (0, A) there exists a solution for (P\) which is a local minimum of 
the functional I in the ^-topology. 

Proof. Given < fii < A < /i2 < A, let z Ml and z^ be the minimal solutions of (P Ml ) and (P AI2 ) 
respectively. Let z :— z^ 2 — Since z Ml and z^ 2 are properly ordered, then 

(-A) Q / 2 z > in n, 
z = on <9f2. 

We set 

/a(s) if z^<s< z M2 , 

F*(x,z) = ( f*(x,s)ds 



and 



Ik -"oilcan) < 
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Standard calculation shows that I* achieves its global minimum at some uq € Hq 2 (0), that is 

(3.18) P(u )<I*(z) VzEH* /2 (n). 
Moreover it holds 

(-A) Q / 2 u = f*(x,uo) infi, 
uq = on 90. 

By Lemma l3~2l it follows that {uo} + sB\ C X for < e small enough. Let now z satisfying 

e 
2' 

As i"*(z) — is zero for every z such that ||z — uollc^fi) — f i by (|3.18|l we obtain that 
7(z) = r (z) > J*(uo) = /(«o), V z e CS(fi), with ||z - uo||ci(n) < f • 

□ 

To show that we have obtained the desired minimum in Hq^ 2 (Q), wc now check that the 
result by Brezis and Nircnberg in [10] is also valid in our context. 

Proposition 3.2. Let zq £ H^ 2 (fl) be a local minimum of I in Cg(f2), i.e., there exists 
r > such that 

(3.19) I(zo) < I(z + z) VzG C^(O) with \\z\\ e i {u) < r. 

Then zq is a local minimum of I in Hq^ 2 (Q), that is, there exists Eq > such that 
I(z ) < I{z + z) Vz £ H« /2 (n) with |k|| H «/2 (n) < e . 

Proof. Arguing by contradiction we suppose that 

Ve > 0, 3z £ £ S E (z ) such that 7(z e ) < I(z ), 
where B £ (z ) = |z£ Hq /2 (D.) : ||z - z o||#°/2 (n) < ej. 

For every j > we consider the truncation map given by 

r < r < j, 



j r> j. 



Let 
and 



Ii 

2 h ~"ff° /z (o) 

Note that for each z £ H^ 2 (fl) we have that ij(z) — ► J(z) as j — > oo. Hence, for each e > 
there exists j(e) big enough such that Ij< e \{z e ) < I(zq). Clearly min Ij( £ ) is attained at some 

B E (z a ) 

point, say v e . Thus we have 

Ij(e)(Ve) < Ij(e){Ze) < I(Zo)- 

Now we want to prove that v e — > zq in Cg(fi) as e \ 0. The Euler-Lagrange equation satisfied 
by v e involves a Lagrange multiplier £ e in such a way that 

(3-20) (^("^^-./-((ii^ifi) =^(^^)^ 2 (n)' V^G^ Q/2 (fi). 

Since i> £ is a minimum of Ij( £ ), it holds 
(J2 w (i) e ),» E ) 

(3.21) £ e = < for < e <C 1, and £ e -> as e \ 0. 

Note that by (|3.20p . v £ satisfies the problem 

f (- A)«/ V = ^ A, i(e) (« e ) := /|, i(£) (v E ) in fi, 
[ v e = on dQ. 

Clearly II^eII^/s^ < C, thus, by Proposition [ITU this implies that ||i>e||L°o(fj) < C. Moreover, 
by (|3.2ip it follows that ||/| J -( e )(i'e)||i<»(n) < C. Therefore, following the proof of Proposition 
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21 we get that ||Ve|lci.»-(n) — ^> ^ or r = mm {<7; ct — l} and C independent of e. By Ascoli-Arzela 
Theorem there exists a subsequence, still denoted by v s , such that v £ — > 20 uniformly in Cg(f2) 
as £ \ 0. This implies that for e small enough, 

I(V E ) = Ij( e )(v s ) < Ifa) 

for any v s with ||u e - zo||cj(n) < e - n 
Lemma 13.31 and Proposition 13.21 provide us a local minimum in Hq^ 2 (Q), which will be denoted 
by uo- We now perform a traslation in order to simplify the calculations. 
We consider the functions 

(3?2) a ( x s ) = f H u o + s) q - \u q + (u + s) 2 *- 1 ~ ul " 1 if s > 0, 

V ' ' yy ' ' 1 if s < 0, 



(3.23) G(u) = / g{x,s)ds, 

Jo 

and the energy functional 

(3.24) I(u) = l\H\ 2 HS/2{n) - J G(x,u)dx. 

Since u £ Hq^ 2 (SI), G is well defined and bounded from below. Let the moved problem 



(Px) 



{-A) a / 2 u = g(x, u) in fl C E w , A > 
u = on 9fi. 



Hence, by standard variational theory, we know that if u ^ is a critical point of J then it is a 
solution of (P\) which, by the Maximum Principle (Lemma 2.3 of [H]), it is u > 0. Therefore 
u = uq + u will be a second solution of (Pa) for the sublinear case. Thus we will need to study 
the existence of these non-trivial critical points for /. 
Firstly we have 

Lemma 3.4. u = is a local minimum of I in H^ 2 (p,). 

Proof. The proof follows the lines of [2J, so we will be brief in details. Note that by Proposition 
13.21 it is sufficient to prove that u = is a local minimum of I in Cg(f2). 
Let u £ Cq(CI), then 

(3.25) G(u) = F(u +u)- F(uo) - (Aug + u^" 1 ) u. 

Therefore 

I{u) = \\\u\\ 2 /2ln - [ G(u)dx 



2" "H£"(n) 



= \\\ u \\ 2 H ^ /2 (a) " J F ( u ° + u ^ dx + J F{u Q )dx + J [\u q + u 2 a ^ udx. 
On the other hand, 
I(u + u) = ^\\u + u\\ 2 H «/2 {n) - J F(u + u)dx 

= il|-"oll^/-(o) + ^H^(n) + J n (-*) a/i M-*) a/ *udx- Jj{u + u)dx 

= \\\ u °W%»/\n) + l^ls /2 m + L { X < + u ^ 1 ) udx- jj{u + u)dx. 
Finally, as uq is a local minimum of /, we have that 

I(u) = I( Uo+ u)-^\\u f K/2{n) + J^F(u )dx 
= I(u + u) - I(u ) 
> = 7(0) 

provided ||«|| c j(n) < £ - D 
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As a consequence of Proposition 13. 11 we obtain for the moved functional 



J(w) = h\*»\\xMc a )- I G(w(x,0))dx, 



with G as in (pT22"|) - (pT2g|) . the following result. 

Corollary 3.1. w — is a local minimum of J in Xq(Cci). 

Now assuming that v = is the unique critical point of the moved functional J, then a local 
(PS) C condition can be proved for c under a critical level c*, 

(3.26) c* = ^(n a S(a,N))%. 

Following the ideas given in [2J, and by an extension of a concentration-compactness result by 
Lions, that we prove in Theorem 15. 11 we obtain the following result. 

Lemma 3.5. If v = is the only critical point of J in Xq(Cq) then J satisfies a local Palais 
Smale condition below the critical level c* . 

Proof. Let {w n } be a Palais-Smale sequence for J verifying 

(3.27) J(w n )^c<c*, J'(w n ) ->0. 

Since the fact that wq is a critical point implies J(w n ) = J{z n ) — J(wq), where z„ = w n + wq, 
we have that 

(3.28) J(z n ) -> c + J(w ), J'(z n ) -> 0. 

On the other hand, from p.27[) we get that the sequence {z n } is uniformly bounded in Xq(Cq). 
As a consequence, up to a subsequence, 

z n z weakly in Xq(Cq) 

(3.29) z n (-,0) z(-,0) strong in L r (fi), Vl<r<2^ 
z„(-,0) — > z(-,0) a.e. in 

Note that as v = is the unique critical point of J then, z = wq. 

In order to apply the concentration-compactness result, Theorem 15.11 first we prove the 
following. 

Lemma 3.6. The sequence {2/ 1_a |Vz„| 2 } r[gN is tight, i.e., for any n > there exists po > 
such that 

(3.30) / / y 1 - Q |Vz„| 2 da;da; < t], VneN. 

J {y>pa} J si 

Proof. The proof of this lemma follows some arguments of Lema 2.2 in 0]. By contradiction, 
we suppose that there exits r/o > such that, for any p > one has, up to a subsequence, 

(3.31) / / y 1 - a \Vz n \ 2 dxdy > rj for every neN. 
J{y> P } Jn 

Let e > be fixed (to be precised later), and let r > be such that 

/ / y^ a \Vz\ 2 dxdy < e. 

J{y>r} Jn 



Let j 



M 



be the integer part and I k = {y G M + : r + k < y < r + k + 1}. A' = 0, 1, 



Since ||^Tt||x a (Cf ! ) ^ M, we clearly obtain that 

J2 I I V l ' a \^ z n\ 2 dxdy< ( y l - a \Vz n \ 2 dxdy<e{j + l). 

q J Ik J Cn 

Therefore there exists fco G {0, . . . , j} such that (again up to a subsequence) 
(3.32) / / y l - a \Vz n \ 2 dxdy <e, Vn. 
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Let % > be the following regular non-decreasing cut-off function 

|0 iiy<r + k , 
X{U > \ 1 i{y>r + k + l, 

Define v n (x, y) = x(y)z n (x,y). Since v n {x, 0) = it follows that 

\(J'(z n ) - J'{v n ),v n )\ = K a y 1 ~ a (V(z n - v n ),Vv n )dxdy 

JCn 



1-a 

y 

i kn Jn 



y 1 a {V{z n -v n ),Vv n )dxdy. 



Moreover by the Cauchy-Schwartz inequality, (|3.32[) and the compact inclusion H 1 x fi, y 1 a ) 
into L 2 (I ko x fi, y 1_Q ), we have 



\{J'(z n ) - J'(v n ),v n }\ < kJ y a \V(z n ~ v n )\ dxdy 



f f y^VVnfdxdy 

^ Ik Q •'^ j 



< C n a e. 
On the other hand, by (|3.28[) . we get 

\(J'(v n ),v n )\ < Cn a e + o{l). 

So, for n sufficiently large, 

/ / y^Wz^dxdy < [ y^Vv^dxdy = i^h^A < C e. 

J {y>r+k Q + l} JQ JCn K a 

This is a contradiction with p. 31 [) . which proves Lemma 13.61 □ 

Proof of Lemma \3.5\ ( cord.). In view of the previous result we can apply Theorem l5.ll Therefore, 
up to a subsequence, there exists an index set /, at most countable, a sequence of points {xk} C 
fi, and nonnegative real numbers fj,k, Vki such that 

(3.33) 2/ 1_a |Vz„| 2 -> n > ^""iVwol 2 +J2^k6 Xk 

fee/ 

and 

(3.34) M-,0)| 2 ° -n/ = ho(-,0)| 2 ° +J2"k6 Xk 

fee/ 

2 

in the sense of measures, satisfying also the relation /x^ > S(a, N)v k " , for every k G /. 

We fix any fco G /, and let <fi G C^°(]R^ +1 ) be a nonincreasing cut-off function verifying = 1 
in B^(xk ), = in B^"(a;fc ) c . Let now <j) e {x,y) = 4>(x/e,y/e), clearly \V(j> e \ < y. We denote 
r 2£ = B2 e (xk ) n {y = 0}. Then, using e z„ as a test function in (|3.28[) . we have 



«/ y x - a \Vz n \ % 4>edxdy j . 



I Co. 

lim / U„ | 2a </> F <ix + A / z„ | 9+1 <fv — k 



r 2e 



By (|3~29l) . (j3~33| and (pT34j) we get 

(3.35) 



lim k q / 


y 1 - 


«->oo J Cn 


/ <j) e dv -\- 


X I 


Jt 2c 


Jr. 



4> e d\i. 

Bt(x k0 ) 

On the other hand, using Theorem 1.6 in [17], with w = y 1_Q G A% and fc = 1, we obtain that 
( f y^V^z^dxdy} < - ( f y 1 - a \z n \ 2 dxdy\ 

\ J B+ e (x k0 ) j £ \JB+ e (x k0 ) J 

< c( [ y x - a \Vz n \ 2 dxdy\ . 
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Since z n € Xq(Cq), the last expression goes to zero as e — > 0. Therefore 



< lim 

n— >oo 



< lim 



/ y { v z n , 

JCa 



\Vz n \ 2 dxdy I 



1/2 



1/2 



y^V^z^dxdy 



Hence, by (|3.35p . it follows that 



lim 



/ <j) s dv + A / \wo\ q+l <f) e dx — n a I <p E d[i 

Jr 2e Jr 2e JB+(x kn ) 



4> £ dv + A 
Therefore we get that 

v ko =0 or 
Suppose that Vk ^ 0. It follows that 



Vk a > (n a S(a,N)) 



— Vk ~ K a^k — 0. 



c + J(u> ) 



lim J(z n ) - -(J'(z n ),z n ) 

n— >oc Z 



2N 



Wy +1 dx 



> J(w ) + —( Ka S(a,N)) N / a = J(w ) + c*. 

Then we get a contradiction with (|3.27[) . and since kg was arbitrary, — for all k S /. Hence 
as a consequence, u n — > uo in L 2 <*(£1). Wc finish in the standard way: convergence of u n in 

2N 2N 

L"-" (fi) implies convergence of f(u n ) in L (f2), and finally by using the continuity of the 
inverse operator (— A)~ Q / 2 , we obtain convergence of u n in H^ 2 (il). 



□ 



Now it remains to show that we can obtain a local (PS) C sequence for J under the critical level 
c = c* . To do that we will use w £ = E Q (w e ), the family of minimizers to the Trace inequality 
(12.131) . where u e is given in (|2.14[) . We remark that, despite the cases a = 1 and a = 2, w e 
does not possesses an explicit expression. This is an extra difficulty that we have to overcome. 

a — N 

Taking into account that the family u E is self-similar, u E (x) = e~^~ui(x/e) and the fact that 
the Poisson kernel (12.81) is also self-similar 



(3.36) 

gives easily that the family w £ satisfies 
(3.37) w £ (x,y) 



w = -4 



pa 



a~N 

e 2 w\ 



(!•!) 



We will denote P a — P". Also, wc will write w\^ a instead of w\ to emphasize the dependence 
on the parameter a. 

Lemma 3.7. With the above notation it holds 



(3.38) 



C 

\Vw lta (x,y)\ < —wi, a (x,y), a > 0, (x,y) £ 

y 



and 

(3.39) \Vw ha {x,y)\ < Cwi, a -i{x,y\ a > 1, (x,y) e R^ +1 . 

Proof. Differentiating with respect to each variable xi , i = 1, ... ,N, and the variable y, it 
follows that 



\d Xi w lta (x,y)\ < 



(N + a)y a \x - z\ 



< 



r" (y 2 + \x — z\ 2 Y 
N + a 



- +1 (l + kl 2 )" 

y a 



-dz 



2y J RN ( y 2 + \ x _ z |2)^ (1 + \ z \2y 



-dz 



C 

—wi, a {x,y) 

y 
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and 



\dyWi >a (x,y)\ = 



C 



y"- 1 ^ - z\ 2 - Ny 2 ) 
k« (y 2 + \x- z| 2 )^ +1 (l + |z| 2 ) J 

y*-l 



m N {y 2 + \x- z\ 2 )^~{\ + \z\ 2 )' 



-dz 



-dz 



C 

= —w lta (x,y). 
V 

Therefore we get (jiHg)) . To obtain (jcTBT))) we recall that u lia (z) = (1 + \z\ 2 )-^ . Then, by 
(pneJ|) it follows that 

1 



\d y wi, a (x,y)\ 



0„ 



r n y 



N 



pa 



y 



ui ta (z)dz 



dyl / P a (z)ui ia (x - yz)dz 



P a (z)(z, Vui^ a (x — yz))dz 
1 



r« y 



N 



P' 



x — z \ ,x — z 



II 



XIu\^ a (£))dz 



1 



< (N-a) —P a 

Jr« y N 



< (N - a) 



x — z \ \x — z\ 



y J y (i + \z\ 2 )^ +1 

dz 



-dz 



N-\-a — 1 N — 

H« (y 2 + \x — z\ 2 ) 2 (1 + | | 2 ) 5 



= Cwi, a -i(x,y). 
Doing the same calculations in variables Xi for i = 1, . . . , N, we obtain 



\d Xi wi,a{x,y)\ = 



- a « (/ 

\Jr> 



P a {z)ui^ a {x — yz)dz 
< / P a (S)\Vu 1 . a \{x - yz)d~z 

\^ui y0l \(z)dz 



pa 



/k« y 
< {N-a) 



\A 



r« (y 2 + \x- z\ 2 )^r- (1 + \z\ 2 )^~ +1 
CwLa-xix^y). 



-dz 



□ 



Let us now introduce a cut-off function (/>o (s) £ C°° (R+ ) , nonincreasing satisfying 

o (s) = lifO<s<i 0o(a) = Oif«>l. 

Assume without loss of generality that £ fi. We then define, for some fixed r > small enough 
such that C Co, the function 0(x,y) = <f) r (x,y) = 4>n(^f-) with r X!/ = \{x,y)\ = (\x\ 2 + y 2 ) 1/2 . 
Note that <j>us e £ JQf(Cn). Thus we get 

Lemma 3.8. With the above notation, the family {(f>w £ }, and its trace on {y = 0}, namely 
{(j)u £ }, satisfy 

(3.40) 



ll^-ll^(c o) = KI& ?(Co) + o(^- Q ). 



(3.41) 

and 
(3.42) 

/or £ small enough and C > 



Ce Q + 0(e A '- a ) ifN>2a, 



||<M " : 

||^ E |lz,r (n) > C£^, a<7V<2a, r = 



z,2(fi) ^ C*e Q log(l/e) + 0(£ Q ) if N = 2a, 

N + a 
N-a 
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Proof. The product <pw e satisfies 



(3.43) 



U w e\\x S ( C(1 ) = K « / y 1 ~ a (\^w £ \ 2 + \w e V(f>\ 2 + 2(w e V&^w e ))dxdy 



Co 



< \\ w s\\x S (Ca) + K « I V^WeV^dxdy 
•>Ca 

+2n a / y 1 - a {w e V<j),<j)Vw e )dxdy. 

To estimate the second term of the right hand side, we observe that < u e (x) < e~ ~ \x\ a ~ N 
and since the extension of the function T(x) = \x\ a ~ N is T(x, y) = {\x\ 2 + y 2 ) SL ^ L = 
get that 



^ TV 

rz,. , we 



f y^w^^dxdy < C [ ; 

JCn J{%<r*v<r} 



y 1 a w 2 dxdy 



(3.44) 



< Ce N - a 
= 0(e N - a ). 



{i<r* y <r} 



y l-<x r 2<f-N) dxdy 



For the remaining term we need to use the properties of the function w £ given in Proposition 
15771 Let C r = {r/2 < r xy < r} C Cq. By ([537] we get 



(3.45) 



y 1 a {w e V<j),(INw e )dxdy < C y 1 a \w e (x,y)\\\7w £ (x,y)\dxdy 



Ce -N+a-l I l-a 



(??) 



, x y 



e e 



dxdy 



Ce y 1 a \w lta (x,y)\\Vwi ta (x,y)\dxdy. 



Moreover, for (x, y) € C r / e and a > 0, we obtain that 



wi. a (x,y) 



(3.46) 



'\»\<i 
< Ce N+a y a 



P" {X - z)ui a {z)dz + / Py(x — z)ui a (z)dz 



dz 



IJV- 



'l*l<- 

_7V i r^^N-a ^ ,o_7V-i 



Ce N - a [ P"(z)dz 



< Cy a e N +Ce N - a <Ce"- a . 
If a < 1, from (|3~38)) . (|3~45)) and (|Q6| . it follows that 



(3.47) 



y 1 - a {w e V<j), 4Nw e )dxdy < Ce 1+2{N - a) / y~ a dxdy = 0(e N ~ a ) 



c n 



Cr 



To obtain the similar estimate for a > 1 we use p.39[) . Indeed by this estimate, together with 
(|Q5)l and ([3~46)l we get that 



(3.48) 



y 1 - a (w £ V(t), 4>\>w e )dxdy < Ce 2{1+N - a) / y x ~ a dxdy = 0(e N ~ a ) 



Cn 



Cr 



Note that for a = 1, as w e is explicit, we can obtain the same estimate directly. 
Then we have proved that 

ll^llx«(c n ) = ll^ll^(c n) + 0(^- a )- 
We now show that (|3.4ip holds. 



\\4>U e \\ 2 L 2 {n) 



-TV- 



</> 2 o*o- 



> 



> 



\x\ 2 +e 2 ) N ~' 



, -, C|t|2 -I- f 2W-" 
{|a;|<r/2} U^l + e 7 

7V-a 



-da; 



f/.r 



x\<e} 



{2e 2 ) N ~ a 



-tv- 



{e<|z|<r/2} ( 2 k| 2 ) 



2 17V- a 



r/.r 
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,r/2 

= Ce a + Ce N - a j 9 2a - 1 - N d8. 

Finally, (|3.42[) follows in a similar way to (|3.4ip . so we omit the details. □ 
With the above properties in mind, we define the family of functions r\ e = ttt — — • 

Lemma 3.9. There exists e > small enough such that 

(3.49) sup J {tri e ) < c*. 

t>o 

Proof. Assume N > 2a, we make use of the following estimate 

(3.50) (a + b) p >a p + b p + na p ~ x b, a, b > 0, p > 1, for some fx > 0. 
Therefore 

(3.51) G { w) >l. w K + ^ w ^ 
which implies 

J(t%) < j\\vs\\x« {Cn ) - |r - \v J^wl a ~ 2 Vedx. 

Since u>o > ao > in supp(?7 e ) we get 

~ i 2 t 2 ° i 2 

J(t%) < y \\Ve\\x-(Cn) ~ "2* 2"/*ll»/e||ia(n) = : 

It is clear that lim g(t) = —00, and sup g(t) is attained at some t e > 0. By differentiating the 



t— ^00 



above function we obtain 



(3-52) = g'{t e ) = t e ||»fe|&. (Cn) 1 - t e fl\\r, e \\ 2 LHu) , 



which implies 



te < \\Ve\\x^ Cn y 



Observe that by Lemma 13781 we have t E > C > 0. On the other hand, the function 

t 2 



\X™(Cn) 9* 



is increasing on [0, ||^e|[jf*<»(c n )]- Whence 



a — 2 

SWpg{t) = g{t e ) < ^WVeWxgffia) ~ C he\\ L 2 in) - 

Since ||w e || L 2* ^ is independent of s, by Lemma 13.81 we have 

(3.53) \\Ve\\x S (c n ) = K a S(a,N) + 0(e N - a ) 
and 

2 _{ 0(e a ) if N > 2a, 

0(e Q log(l/e)) if N = la. 

Therefore, for TV > 2a, we get that 

(3.54) g(t £ ) < J?L{ Ka S{a,N))% + Ce N - a - Ce a < ^( Ka S(a,N))% = c* . 

If N = 2a the same conclusion follows. 

The last case a < N < 2a follows by using the estimate (|3.50[) which gives 

(3.55) G(w) > ^w 2 *" +W0W 2 '"- 1 . 

Then p.55[) jointly with (|3.42j) and arguing in a similar way as above finish the proof. □ 

Proof of Theorem [TTT]-(3). 

To finish the last statement in Theorem 11.11 in view of the previous results, we seek for 
critical values below level c*. For that purpose, we want to use the classical MP Theorem by 
Ambrosctti-Rabinowitz in [3]. We define 

r e = { 7 e C({0,l],X«(Cn)) : 7(0) = 0, 7 (1) = teVe} 
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for some t e > such that J(t £ rj £ ) < 0. And consider the minimax value 

c e = inf max{J(7(i)) : < t < 1}. 

According to Lemma I3T41 c e > 0. By Lemma I331 for e <C 1, 

c £ < sup J(t Vs ) < c* = ( Ka S(a,N)) N/a . 

t>0 2iV 

This estimate jointly with Lemma 13.51 and the MPT [3] if the minimax energy level is positive, 
or the refinement of the MPT [19j if the minimax level is zero, give the existence of a second 
solution to (-P)a- Q 

4. Linear and superlinear cases. 

4.1. Linear case. The proof of Theorem 11.21 follows the ideas of [5]. Note that for a = 1, where 
the minimizers given in (|3.37p are explicit, this result was recently proved in |23j . 
The first part of that theorem is an straightforward calculus. 

Proof of Theorem \1.2\ (1). Let <p\ be the first eigenfunction of (—A)"/ 2 in f2. We have 

f (-A) Q / 4 i t (-A) Q /Vi dx = [ Xiuyxdx. 
Jn Jn 

On the other hand, 

(-A) q/4 u(-A) q/ Vi^= / [u r «- 1 +\u]tp 1 dx> [ Xmpxdx. 



This clearly implies A < Ai. □ 
To prove the second part of Theorem 11.21 some notation is in order. We consider the following 
Raylcigh quotient 

"^llj^Cn) ~ A ll M H^(n) 



QxH= || no 

and 

(4.1) S x =mf{Q x (w)\ weX«(Cn)}. 

Proposition 4.1. Assume < A < Ai. Then S\ < K a S(a, N). 

Proof. Let <fi — <f> r be a cut-off function like in Lemma 13.81 and denote <f>{x) := <p(x,0). Taking 
r sufficiently small we can use (jnv s £ A^(Cn) as a test function in Q\, where w e is defined in 
(|3.37[) . Denoting K\ = |u e ||^2* . , as before, K\ is independent of e, and moreover 



/ \<f>u e \ 2 "dx = / \4>u e \ 2a dx 
Jn Jr n 



> / \u e \ r -dx 

J\x\<r/2 

= Kr- [ \u e f«dx 

J\x\>r/2 

(4.2) > K 1 + 0(e N ). 
Since w £ is a minimizer of S(a, N), we have that 

(4.3) K~ 2/K [ y 1-a |V«; 8 | a dxdy = S(a,N). 

Finally, by flUH) and using the estimates (|3.40p and (|3.4ip . for N > 2a, we obtain that 

lie, f y^Vw^dxdy- \Ce a + 0(e N ~ a ) 



bw e ) < 



+ 



K 2/K +0(e N ) 



Therefore taking e small enough, we get 

n a S(a, N) - XCe a K; 2/K + 0(e N - 



1 + 0{e N ) 
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< K a S(a, N) - \CE a K~ 2/r °> + 0(e N - a ) 

< n a S{a,N). 

On the other hand, a similar calculus for the case N = 2a, proves that for e small enough, 
Q\{<t>we) < K a S{aiN)-\Ce a \og{l/E)K~ 2/K + 0{e a ) < K a S(a,N), 

which finishes the proof. □ 
Recall now the Brezis-Lieb Lemma, 

Lemma 4.1 Let fi be an open set and {u n } be a sequence weakly convergent in 

L q (Q),2 < q < oo and a.e. convergent in Q. Then lim (||«n||x,<,(o) — \\u n — w|Ix, 9 (q)) = 

This property allows us to we prove the following one. 

Proposition 4.2. Assume < A < Ax- Then the infimum S\ defined in (|4.1[) is achieved. 

Proof. First, since A < Ai we have that S\ > 0. Let us take a minimizing sequence of S\, 
{w m } C Xq(Cq) such that, without loss of generality, w m > and ||w m (-, 0)|| L 2* ^ = 1. 

Clearly this implies that \\w m \\xg(Cn) — then there exists a subsequence (still denoted by 
{w m }) verifying 

w m — 1 w weakly in Xq (Cq ) , 

(4.4) w m (-,0) ->. w(-,0) strongly in L*(Q), 1 < q < 2*, 

w m (-,0) — > w(-,0) a.e in ft. 

A simple calculation, using the weak convergence, gives that 

\\ w ™\\x$(c n ) = \\ w m- w \\x$(C n ) + \\ w \\x$(C n )+ 2K c t V^ a (Vw,Vw m - \7w)dxdy 

= IK„ - w\\ 2 X S (Cn) + IMIxf(Cn) + 

By Lemma |4. 11 we have that \\(w rn — w)(-, 0) | L 2* ,q\ < 1 for m big enough. Hence 

Qx(w m ) = \\w m \\x»(Cn)- X \\ W rn(;0)\\ 2 L 2(n) 

= \\w m ~ w\\x°(C n ) + IMIx^Cn) ~ M\w m (-,0)\\ 2 L2{n) +0(1) 

> K a S(a,N)\\(w m - «;)(•, 0)|£ a . (n) + Sx\\w(;0)f LK (n) + o(l) 

> Ka S(a,N)\\(w m - w)(; 0)||g. (fl) + Sr A || w (.,o)||g. (n) +o(l). 
By Lemma 14.11 again, this leads to 

QaK) > (K a S(a,N)-S x )\\(w m -w)(; 0)||5. (n) +5A||wm(-,0)||g. cn) +o(l) 
= (K a S(a,N) - S A )||(u; m - «;)(•, 0)||g. +S X + o(l). 
Since {u> m } is a minimizing sequence for S\ , we obtain: 

o(l) + S A 
Thus by Proposition 14. II 

iu m (-,0)->-u;(-,0) mL 2 °(f>). 
Finally, by a standard lower semi-continuity argument, w is a minimizer for Q\. □ 

Proof of Theorem II .21 (2). By Proposition ^. 21 there exists an a-harmonic function u> S X^f(Cn), 
1 and 



o(l) + S x > (n a S(a,N) - S x )\\(w m - w)(; 0)||g. (n) + S A + o(l). 



IMIa-°(c„) - MHlhin) = s * 



!i 2 o(n) 

'"'lXJ(C n ) ~ A \\' U \\L2(Q) 

where u = w(-,0). Without loss of generality we may assume w > (otherwise we take |w| 
instead of w). So we get a positive solution of (Pa)- O 

4.2. Superlinear case. In order to prove Theorem ll.31 the only difficult part is to show that we 
have a (PS) C sequence under the critical level c = c* . This follows the same type of computations 
like in Lemma with the estimate H^ell't+^n) — Ce 2L ~r Lq+2 ^ L which holds for TV > a(l + i). 
In this case there is no limitation on A > 0. We omit the complete details. 
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5. Regularity & Concentration-Compactness 

We begin this section with some results about the boundedness and regularity of solutions. 
The next proposition is a refinement of Proposition 5.3 of [5] in order to cover the critical case 
p = 2* — 1. It is essentially based on [5]. 

Proposition 5.1. Let u G H^ 2 (iT} be a solution to the problem 

f (_A) q / 2 u = /(x,m) inn, 

(5.1) I u > in n, 

I u = on 9n 

with f satisfying 

(5.2) < f(x, s) < C(l + \s\ p ) V (x, s) G Q x R, and some < p < 2* - 1. 
Tfeen tt G L°°(n) u»<A ||«|| £ -(n) < J? « /2(0) ). 

Proof. Let w G X^(Cq) be a solution to the problem 

L a w = in Csi, 



(5.3) 

Then it = u>(-,0) is a solution to (|5.1[) . Let 



w = on d £ Cfi. 



1 + u(x) 
Clearly 

(5.4) < a < Cil + uP- 1 ) G L« (SI), forO < f> < 2* - 1. 

Given T > we denote 

= tU — (lU — T) + , lir = Wt(', 0). 

For /3 > we have 

\\ ww T\\xg{C n ) = Kq / ^^"w^lVwpdxdy 

+k q (2/3 + /3 2 ) / ^-"w^lVw^dsdv. 

./{«>< T} 

Using cp = wWj? G Xq(Cq) as a test function we obtain 



K a / 2/ "(Vw, V(wWj .)) (fady = / f(u)uurf dx <2 / o(l + u )urf dx. 
On the other hand, it is clear that 

y l ~ a {Vw, V(ww^))dxdy = f y^w^lVw] 2 dxdy+ 



+2/3 

Summing up, we have 



/ y 1 ~ a w 2f} \Vw\ 2 dxdy. 

J{w<T} 

\\ ww T\\ 2 x${C a )< C I a{l + u 2 )u 2 T P dx, 



which by (|2.1ip implies that 

"'^TW L 2 i {Q.) — ^ I "V- 1 - ~f u ) a T 



(5.5) \\uu^\\ 2 2 ' (0 )<C / a(l + u 2 )ulf dx, 
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with C some positive constant depending on a, /?, N and |0|. To compute the term on the 
right-hand side we add the hypothesis u /3+1 <E L 2 (il). With this assumption we get 

/ au 2 ulf dx < To / u 2 u 2 ^ dx + \ au 2 ulf dx 

Ja J{a<T } J{a>T } 

< dT a + ( f a« dx) ( [ {uu p T ) r " dx 
By the same calculation, 

au^f dx < C2T0 + I / a~= dx ] [ / (itj,) 2a dx 

\J{a>T } J \Jn 

where, since u /3+1 £ L 2 (Q) : C\ and C2 can be taken independent of T. Hence, by (|5.4[) it follows 
that 

e(Tg) = ( / a~ dx \ — > as Tq — > 00. 




Therefore, choosing To large enough such that Ce(Xb) < ^, by (|5.5[) . we obtain that there exists 
a constant K(To), independent of T, for which it holds 

\\uu T f L2%m <K{T o ). 

Letting T — > 00 we conclude that u^ +1 £ L 2 <* (fi). Clearly we can obtain that /(•, u) £ L r {VL) for 
some r > N/a, in a finite number of steps. Thus, we conclude applying Theorem 4.7 of [5]. □ 
Now we characterize the regularity of the solutions of (-Pa) for the whole range of exponents. 

Proposition 5.2. Let u be a solution of (Pa)- Then the following hold 

(i) Ifa = l andq>\ then u £ C°°(fi). 

(ii) Ifa = l andq< \ then u 6 C 1 ' 9 ^). 

(iii) Ifa< \ then u £ C Q (H). 

(iv) Ifa>\ then u £ C 1 '"" 1 ^). 

Proof. First we observe that, by Proposition l5.il we have u £ L°°(f2) and also f\(u) £ L°°(f2). 

(i) Applying Proposition 3.1 of [12], we get that u £ C 7 (f2), for some 7 < 1. Since q > 1 
then /a(m) £ C 7 (fi), so, again by Proposition 3.1 of [12], it follows that u £ C 1,7 (il). 
Iterating the process we conclude that u £ C°°(£l). 

(ii) As before we have u £ C 7 (f2), for some 7 < 1. Therefore /a (it) £ C ql (£l). It follows that 
u £ C ll97 (0), which gives / A (u) G C«(0). Finally this implies u £ C 1,9 (n). 

(iii) By Lemma 2.8 of [14] we obtain that u £ C(Vl) for all 7 G (0,a). This implies that 
fx(u) £ C'(Q) for every r < min{ga, a}. Therefore, again by [14] . this time using 
Lemmas 2.7 and 2.9, we get that u £ C Q (fi). 

(iv) Since a > 1, we can write problem (Pa) as follows 

C (-A) 1 / 2 u = s inn, 

(5.6) I (-A)( a -D/ 2 S = / A (tt) inn, 

[ u = s = on dfl. 

Reasoning as before, we obtain the desired regularity in two steps, using Proposition 3.1 
in [12] and Lemmas 2.7 and 2.9 in [14] . 

□ 

We end this section adapting to our setting a concentration-compactness result by P.L. Lions 
[2"0] , used in the proof of Lema 13.51 We recall that a related concentration-compactness result 
for the fractional Laplacian has been recently obtained in [31]. Nevertheless, we need the version 
corresponding to the extended problem, and it cannot be deduced from the one in [21] . 

Theorem 5.1. Let {wnjneN be a weakly convergent sequence to w in Xq(Cq), such that the 
sequence {y a \Ww n \ } n eN is tight. Let u n = Tr(w n ) and u = Tr(w). Let fx, v be two non 
negative measures such that 

(5.7) y 1 ~ a \Vw rl \ 2 —> /i and |mti| 2q — > v, as n 00 
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in the sense of measures. Then there exist an at most countable set I and points {xi}i^i C £1 
such that 



(1) v = |-u| 2 ° + ^iykSx k , Vk > 0, 

(2) m>iMvh 2 + Mfe >0, 

fee/ 

(3) Mfc > S(a,N)v%. 

Proof. Let ip G C^°(Cn)- By the trace inequality (|2.11j) with r = 2* it follows that 

(5.8) S(a,JV) f / \<pw n f*dx) 1 " < [ y l - a \V(yw n )\ 2 dxdy. 

Let K* := i^i x Q Cq be the support of <p and suppose first that the weak limit w = 0. Then 
we get that 

j/ 1 - Q |V(^„)| 2 d a; ^ = / ^--IVfaitfn^dzdi/ 

y 1 - a \w n \ 2 \\7<p\ 2 dxdy+ [ y s -- a \tp\ 3 \Vw n \ 2 dxdy 

K* JK* 

+2 / y 1 ~ a w n ip{^ip,^w n )dxdy. 

JK* 

Since K* is a bounded domain, and y x ~ a is an A2 weight, we have the compact inclusion 

H^K^y 1 -*) ^ U{K\ y l ~ a ) , 1 < r < , a G (0, 2). 

Therefore, for a suitable subsequence, we get the limit 

/ y 1 ~ a \w n \ 2 \V<p\ 2 dxdy — > 0, as n — >• 00. 

By the weak convergence, given by hypothesis, we obtain 

/ y 1 ~ a w n tp{V(p, Vw n )dxdy — > 0, as n — > 00. 
■/it* 



' K 

Hence, by (|5.7|) we conclude that 

?/ 1_Q |V(iy9Zi; n )| 2 (ixdy -> / y)\ 2 dfi, as n — > 00. 

Then, from ([S~8)) we get 

(5.9) S(a,N)( [ \<p\ 2 *dv) " < [ \<p\ 2 dfi, V ^ G C °°(Cn). 

If now it) 7^ 0, we apply the above result to the function v n = u>„ — w. Indeed if 
y \Vv n \ — > dp, and \v n (-, 0)| 2 ° — > dO, as n —> 00, 

it follows that 

S(a,N)( [ \<p\ 2 °dv) ' " < [ \<p\ 2 dp, V(^gC °°(Co), 
therefore, ([10]), for some sequence of points {xk}kei C ^, we have 

fee/ fee/ 
with pk > S(a, N)!? 2 "^ 2 . Hence, by Lemma 14. 11 we obtain 

dv = \u\ 2 " + ^ Vk5x k - 
kei 
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Let now tp be a test function. We have 

/ y^iplVwnfdxdy = / y 1 - a <p\Vw\ 2 dxdy + y 1 ~ c V|V(>„ - w)\ 2 dxdy 

J Co J Co J Co 



+2/ y^ a ip(V{w n -w),Vw)dxdy. 
Taking limits as n — > oo we get that 

(pd/j, = / y 1 ~ a ip\ \7w\ 2 dxdy + / ipdp, 

> / y 1 ~ a ip\Vw\ 2 dxdy + / y^ a (p ^ fi k S Xk dxdy, 

JCn JCn keI 

with the same condition ft/. > S{a,N)v k a . So we obtain the desired conclusion. □ 
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